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• A brain is a complex organ controls over a body.

• Each region codes specific features of an environment. All together 
form our experience of the world.

• Neurons are specialized cells in the nervous 
system that transmit information to other nerve 
cells through excitation.

• A brain has billions of neurons.

A Brain-Mind Odyssey:

soma

axon

dendrite

Synapse is the connection 

between two neurons.
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• Neurons send and receive signals via neurotransmitters, a type 
of chemical messenger controls the ion channels to change the 
neuron’s membrane potential (voltage differential).

• A neuron has a membrane that is made of a bilayer of lipid 
molecules with many types of protein embedded in it.

• When a neuron has large voltage differential 
(depolarized), an action potential/spike happens.

A Brain-Mind Odyssey:
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• Apply Ohm’s law, ,   so 


        —g: conductance: measures the resistant level of each ion channel.

Ipass = gV Itotal = ∑
ion

gion(V − Eion)

Hodgkin-Huxley Model

• A biological model: want to measure current(I) across the cell membrane(C)

                                      through the changes of membrane potentials(V), Ic = C

dV
dt

cell 

membrane V

• By conservation of electric charge, 


    The charging current 


Iinj. = IC + Ipass

IC = C
dV
dt

= − Ipass + Iinj.

EL ENa EK

4 (Gerstmer et al., Neuronal Dynamics, 2014)

C: capacitance, measures its lipid bilayer allowance for the voltage differential.

R: resistor, measures the allowance for the ions to pass through.


, reverse potentials: a measure of zero net flow.E



 gating variables(n, m, h): probability controls ion channels.


 (i.e. the effective conductance of Na is modelled as )
1

RNa
= gNam3h

cell 

membrane

EL ENa EK

V

— : the rate of closed gates open;  : the rate of open gates closeα β

Hodgkin-Huxley Model

5 (Gerstmer et al., Neuronal Dynamics, 2014)

Na: 2 types of gates 
m is fast, h is slow
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Spike Dynamics

Hodgkin-Huxley Model
HH model describes the spiking dynamics:

Ion dynamics: 

• m causes V to increase, 

• h stops V from increasing, 

• n causes V to decrease

Drawback

computational complex6

• Spike(voltage difference=100mV) appears when given strong input;

• Spike is short(width=2.5ms);

• After spike, V fails below resting potential, .Vre = − 65mV

Vre = − 65mV

Na

Na
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Integrate-and-fire Models

Leaky IF model :  

                                      when : record a spike, 

                                                            reset  to 

C
dV
dt

= − gL(V(t) − EL) + I(t)

V(t) > Vth ≈ 10mV
V(t) Vre ≈ − 75mV

Na channels are ignored 

           (less realistic!)

• This model captures neurons decay 

     back to the  w/o input.

     (i.e. solve the ode, exponential decay)

EL

Drawback

7

• Reset  is to capture K channel effect.  
    (i.e.spikes have the same height)



0 200 400 600 800 1000
12

13

14

I (
m

V/
m

s)

EIF Model Simulation with constant input

0 200 400 600 800 1000
-60
-40
-20

0

V 
(m

V)

0 200 400 600 800 1000
time (ms)

0

5

10

sp
ik

e 
tra

in

Integrate-and-fire Models
Exponential IF model:  

                                                       , is a soft threshold,  is a scaling factor.


                                                   when : record a spike, reset  to 

C
dV
dt

= − gL(V(t) − EL) + gLΔTexp(
V(t) − VT

ΔT
) + I(t)

VT ≈ − 55mV ΔT

V(t) > Vth V(t) Vre

• The exp. term approximates the 

     effects of Na channel in HH model.

• When , EIF = LIFΔT → 0
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Spike train: a point process, 

, can be modelled as 


Spike rate: 

S(t) = ∑
n

δ(t − ti) Pois(r)

r(t) = lim
Δ→0

∫ t+Δ
t

S(t)dt

Δ
= E[S(t)]

VT ≈ − 55mV



Synapses on IF models
So far, neuron models driven by an applied current, C

dV
dt

= f(V, I) + Iapp(t)

other neurons
Synaptic current : in post-syn neurons’ membrane, Isyn(t) = gsyn(t) ⋅ (V(t) − Esyn)

after pre-syn neuron spikes, the conductance:  gsyn(t) = J ⋅ ∑
n

α(t − tspike)
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Post-synaptic conductance waveform,  

                                          s.t. , i.e.       

α(t)

∫ α(t) = 1 α(t) = δ

9

Synaptic strength: J with Je>0 and Ji<0

Q: What does a post-syn neuron look like after a pre-syn neuron spikes?

neurotransmitter: smooth out    synaptic activities, α(t) =
1

τsyn
exp− t

τsyn H(t)
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Synapses on IF models

τ
dV
dt

= f(V ) + Isyn(t)

τe
dIe

dt
= − Ie + JeSe

τi
dIi

dt
= − Ii + JiSi

With Je > 0

With Ji < 0
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Feedforward Input
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More realistic, a post-syn neuron j receives inputs from many presynaptic neurons.

When : add a  to ;

                            reset V to 
V(t) > Vth δ S(t)

Vre

Je = [+ … +]

Ji = [− … −]

with

with

Solve the ode for Īsyn

τ
dVj

dt = f(Vj) + Isyn(t)

τe
dIe

dt = − Ie + JeSe

τi
dIi

dt = − Ii + JiSi
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τ
dVj

dt = f(Vj) + Isyn

τb
dIb

dt = − Ib + JbSb with b = {e, i} ; and , so Sb(t) ∼ Pois(rb) E[Sb] = rb

• Solve for the ODE:  converges exponentially to the fixed point, .Īb Jbrb =
Nb

∑
k

jb
k rb

• Mean-field Input:  is the time-average of .Īb = Nb jbrb Ib(t)

• Without , Mean Total input, Iapp(t) Ī = Īe + Īi

• Take expectation(time-average): τb
dĪb

dt
= − Īb + JbE[Sb]
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Feedforward Network Models
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When : add a  to ;

                            reset V to 
V(t) > Vth δ S(t)

Vre

with with pab

Solve the ode for Īsyn

τ dV
dt = f(V ) + Isyn(t)

τe
dIe

dt = − Ie + JeSe

τi
dIi

dt = − Ii + JiSi

with V : Na × 1

More realistic: we have a post-syn neuron population instead of a single neuron.

Jab : Na × Nb

Jab
jk = {jab

0

From mean-field theory:  Īsyn =
1
Na

Na

∑
j

(Nepae jaere + Nipai jaire)

1

Na



14

• cancellation,  is small.Ītotal

• fluctuation around mean;

• Individual neuron receives  
    large exc. & inh. input; 

Feedforward Network Models

Firing rate,  ?rpost

Balanced 
Network?
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15

Recall,  


If defined a weighted connectivity    s.t.   


In matrix notation, ; with 

Īsyn =
1
Na

Na

∑
j

(Nepe jere + Nipi jiri)

W = [wee wei
wie wii] = [+ −

+ −] wab = Nbpab jab

Ī = Wrpre rpre = [re
ri]

• approximate 

•  is non-decreasing

    (i.e.  = ,  = sigmoid…)

r̄post ≈ f(Wrpre)
f( ⋅ )

f( ⋅ ) [ ⋅ ]+ f( ⋅ )

Dales Law: a neuron connects to all its post-syn targets with the same “type” of synapse.



Rate Models 
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: focus on the frequency of spikes in large network

So far, we discussed spiking models that track the membrane potential,V

Rate Model

τr
d ⃗r
dt = − ⃗r + f(Ī + X)

τs
dĪ
dt = − Ī + W ⃗r

τr
d ⃗r
dt

= − ⃗r + f(W ⃗r + X)

with X = Wxrx + Īapp

This is one neuron spiking rate and it ignores biophysical details!!! 

Drawback
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f-I curve comparison from Spiking & Rate Models

Spiking model
fit
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Feedforward Network Models
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OutputInput 

r1 = f(W1r0)
r2 = f(W2r1)
…
rm = f(Wmrm−1)

Hidden layers

One advantage of rate model is to connect  
with Artificial Neural Networks



Recurrent Network Models
—Reality: Neurons in the same layer are interconnected

—Recurrent Network: there is a path from a neuron back to itself.

• A recurrent network(N) with two populations, {e, i}.


• Blockwise-Erdös-Renyí connectivity matrix(J),     


• Input to neuron j in population a, from neuron k: 

Jab
jk = {jab

0

Ia
j (t) = ∑

e,i
[

Nb

∑
k=1

Jab
jk (αb * Sb

k )(t)]

E

I

j
k

k

Recurrent Network 
(i.e.Cortex)

Jei
jk

Jee
jk

18

τ
d ⃗Ve

dt = f( ⃗Ve ) + ⃗̄Iee(t) + ⃗̄Iei(t) + ⃗Iapp,e(t)

τe
d ⃗Īee

dt = ⃗̄Iee + Jee
⃗S e(t)

τe
d ⃗Īei

dt = ⃗̄Iei + Jei
⃗S e(t)

τ
d ⃗V i

dt = f( ⃗Vi) + ⃗̄Iie(t) + ⃗̄Iii(t) + ⃗Iapp,i(t)

τi
d ⃗Īii

dt = ⃗̄Iii + Jii
⃗S i(t)

τi
d ⃗Īei

dt = ⃗̄Iie + Jie
⃗S i(t)

with pab



19

Recurrent Network Models

• Irregular, asynchronous • Inh. rate > exc. rate

So far our models are with fixed N, what if N gets large?
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Balanced Network Models
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“Mean total input stays  via cancellation” Ī ∼ O(1)

Assumption on the network:  and the connectivity strength ; 

                             So                           

pab jab ∼ O(1)

Jab =
1

N {jab

0
∼ O(

1

N
)

1. This implies weighted connectivity matrix,     


                                                                                      with , where  

W = [wee wei
wie wii] = [+ −

+ −]
wab = jabpabqb ∼ O(1) qb =

Nb

N

2. Input current,                                                                            Ia
j (t) = ∑

b=e,i,x
[

Nb

∑
k=1

Jab
jk (αb * Sb

k )(t)] = ∑
b=e,i,x

[
Nb

∑
k=1

jab

N
(αb * Sb

k (t))]

r ≈ − W−1X ∼ O(1)

4. In the balanced context,  implies that  from cancellation.
Ī ∼ O(1) [Wr + X] ∼ O( 1

N
)

Taking the limit as , solve for N → ∞ r :

with pab

3. After taking time-average,  

                                                           

Ī = N[waere + wairi + waxrx]
= N[Wr + X]
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• Approximate E-I balance is widely observed in cortex

(Adesnik and Scanziani,
Nature, 2010)

(Atallah and Scanziani,
Neuron, 2009) (Okun and Lampl, Nature 

Neurosci., 2008)

Balanced Network Models

r ⇡ �W�1X

<latexit sha1_base64="WDwIVfwO+aKNvrR/qIZeV92mR08=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHctCRS0GXRjcsK9gFNLJPppB06mQkzE7GErNz4K25cKOLWb3Dn3zhNs9DWAxcO59zLvfcEMaNKO863tbS8srq2Xtoob25t7+zae/ttJRKJSQsLJmQ3QIowyklLU81IN5YERQEjnWB8NfU790QqKvitnsTEj9CQ05BipI3Ut49SLwihzDwUx1I8wGrnLq26Wa52s75dcWpODrhI3IJUQIFm3/7yBgInEeEaM6RUz3Vi7adIaooZycpeokiM8BgNSc9QjiKi/DR/I4MnRhnAUEhTXMNc/T2RokipSRSYzgjpkZr3puJ/Xi/R4YWfUh4nmnA8WxQmDGoBp5nAAZUEazYxBGFJza0Qj5BEWJvkyiYEd/7lRdI+q7n1Wv2mXmlcFnGUwCE4BqfABeegAa5BE7QABo/gGbyCN+vJerHerY9Z65JVzByAP7A+fwBSyphk</latexit>
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• Problem 1: Rates are a linear 
function of stimulus:

Balanced Network Models

• Problem 2: Parameters must 
produce non-negative predicted 
rates:

�W�1X � 0

<latexit sha1_base64="LQFZkC8KCmYn+Eg8zjMutkOnLf8=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0Xw0pJIQY9FLx4r2A9oY9lsN+3SzSbsboQQ4l/x4kERr/4Qb/4bt20O2vpg4PHeDDPz/JgzpR3n21pb39jc2i7tlHf39g8O7aPjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96c3M7z5SqVgk7nUaUy/EY8ECRrA20tCu1LoPWc3Ns4EfoF4+GFPkDO2qU3fmQKvELUgVCrSG9tdgFJEkpEITjpXqu06svQxLzQineXmQKBpjMsVj2jdU4JAqL5sfn6Mzo4xQEElTQqO5+nsiw6FSaeibzhDriVr2ZuJ/Xj/RwZWXMREnmgqyWBQkHOkIzZJAIyYp0Tw1BBPJzK2ITLDERJu8yiYEd/nlVdK5qLuNeuOuUW1eF3GU4ARO4RxcuIQm3EIL2kAghWd4hTfryXqx3q2PReuaVcxU4A+szx/9FpO0</latexit>

but cortex performs nonlinear computations!!!

r ⇡ �W�1X

<latexit sha1_base64="WDwIVfwO+aKNvrR/qIZeV92mR08=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHctCRS0GXRjcsK9gFNLJPppB06mQkzE7GErNz4K25cKOLWb3Dn3zhNs9DWAxcO59zLvfcEMaNKO863tbS8srq2Xtoob25t7+zae/ttJRKJSQsLJmQ3QIowyklLU81IN5YERQEjnWB8NfU790QqKvitnsTEj9CQ05BipI3Ut49SLwihzDwUx1I8wGrnLq26Wa52s75dcWpODrhI3IJUQIFm3/7yBgInEeEaM6RUz3Vi7adIaooZycpeokiM8BgNSc9QjiKi/DR/I4MnRhnAUEhTXMNc/T2RokipSRSYzgjpkZr3puJ/Xi/R4YWfUh4nmnA8WxQmDGoBp5nAAZUEazYxBGFJza0Qj5BEWJvkyiYEd/7lRdI+q7n1Wv2mXmlcFnGUwCE4BqfABeegAa5BE7QABo/gGbyCN+vJerHerY9Z65JVzByAP7A+fwBSyphk</latexit>

(Baker, Zhu, & Rosenbaum. bioRxiv, 2019)

if , then hard to find 

satisfying 

n = |{e1, e2 . . . i} | → ∞
nx = {rx1, rx2 . . . } −w−1X ≥ 0

Neuron manifold: is an  

hyperplane in  space

nx − dim
n − dim



My Work so far :  
Semi-balanced state
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Semi-balanced state

• When balance is broken: 

• Excess inhibition to some populations, say e1

• Remaining populations(e2 &i) form a balanced sub-network

[−W−1X]k < 0

Theorem: 
for every  satisfies Dale’s law, there exists an  s.t.  has negative entries.W X > 0 r = − W−1X

Theorem. In the semi-balanced state and the JK ! 1 limit rate satisfy

r = [Wr+X+ r]+

<latexit sha1_base64="XGY2rFQ6SzJ8wYvqHX53Y095jMQ="></latexit>

x

y=[x]+

ReLu

Theorem:  
In semi-balanced state as , rates satisfy :N → ∞

Rectified linear

(Baker, Zhu, & Rosenbaum. bioRxiv, 2019)



Semi-balanced state
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• Non-linear mapping from stimulus to rates!
• More biologically realistic!

Theorem. In the semi-balanced state and the JK ! 1 limit rate satisfy

r = [Wr+X+ r]+

<latexit sha1_base64="XGY2rFQ6SzJ8wYvqHX53Y095jMQ="></latexit>
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(Baker, Zhu, & Rosenbaum. bioRxiv, 2019)
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Semi-balanced state
• Non-linear mapping from stimulus to rates!
• More biologically realistic!

Theorem. In the semi-balanced state and the JK ! 1 limit rate satisfy

r = [Wr+X+ r]+

<latexit sha1_base64="XGY2rFQ6SzJ8wYvqHX53Y095jMQ="></latexit>
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(Baker, Zhu, & Rosenbaum. bioRxiv, 2019)
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Semi-balanced states
Theorem. In the semi-balanced state and the JK ! 1 limit rate satisfy

r = [Wr+X+ r]+

<latexit sha1_base64="XGY2rFQ6SzJ8wYvqHX53Y095jMQ="></latexit>

R = W ⋅ r

It implements nonlinear stimulus representation !!!

(Baker, Zhu, & Rosenbaum. bioRxiv, 2019)



Plasticity 
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Plasticity: the changes of synaptic weight, .

                (i.e. Hebbian rule: “neurons fire together wire together”, )

ΔJjk

Spike-timing-depedent Plasticity(STDP):  is related to 

with pre-syn neuron(k) and post-syn neuron(j) at n-th spike.

ΔJjk Δt = | tn
j − tn

k |

(Experiment, Bi & Poo, 1998)

Potentiation:  ΔJjk > 0

Depression:  ΔJjk < 0

Our focus:  
Implement the STDP rule in inhibitory synapses connections: {ΔJae = 0

ΔJai ≠ 0
(Vogels et al., Science, 2011)



Plasticity
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Inhibitory Synaptic Plasticity(ISP):  it updates with learning( ) and target rate( ).

                   after each pre-syn spike at time 

                    after post-syn spikes at time 


                                       

ηa r0
a

Jai
jk ← Jai

jk + ηaJai
jk (xa

j − 2r0
a) tn

k
Jak

jk ← Jai
jk + ηaJai

jk (xi
k) tn

j

Synaptic trace: to measure the running-average of the firing rate 

                           over previous  window, τSTDP xa

j (t) ← xa
j (t) +

1
τSTDP

(Morrison et al. 2008)



ISP in spiking EIF models
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jkXi
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jii
jk

Detailed 
imbalance Detailed  balance

ISP  
off

ISP  
on

ISP  
off

Recurrent Network
feedforward

(i.e. other 

regions)

(i.e.Cortex)
N = 5,000



Summary & Discussion :
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1. Computational cost: use GPU, CuPy lib.


2. Stability analysis of rate model: after dynamics course…


3. Parameter tuning: learning rate is too fast/slow!


4. …

Some difficulties that I encountered:

A brief history of neuronal models:

HH Spiking 
(LIF, EIF)

ffwd  
net

rate recurrent  
net

E-I  
balanced

semi-bal ISP …



In the future…
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1. Understand ISP in rate models :
Before During After 

Task 1 X1, X2, X1, X2, … X1, X1, X1, X1… X1, X2, X1, X2…

Task 2 X1, X2, X1, X2, … X1, X2, X1, X2… X1, X2, X3, X1…

Task 3 X1+Y1, X2+Y2, … X1+Y1, X2+Y2, … Xi+Yi, Xi+Y-i, …
…

2. Connect to Artificial Neural Network & machine learning :

3. Apply Bayesian Models in brain dynamics: predictive coding 

    …

Y={0,1}Images
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Thank you!
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All the code I use for plotting is available on my website: 
 https://vickcul.github.io/

https://vickcul.github.io/

